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We investigate here a mechanical system with gyroscopes which is on the three
degrees of freedom suspension and moves near the Earth's surface. The center
of mass of the system and the center of suspension do not coincide. A spe-
cial case of such a mechanical system is a system of a horizontal gyrocompass
or a two-gyroscope vertical. The theory of these systems has been given by
Ishlinskii in 1 and 2 . Klimov in 3 obtained the conditions which must
satisfy an arbitrary moving pendulous gyroscopic system in order to have a
position of relative equilibrium at which the z-axis of the system, passing
through the center of mass and the center of suspension, coincides with the
line directed toward the Earth's center.

We shall demonstrate that the conditions of Klimov remain valid for non-
sphericity of the Earth gravitational field, and investigate the perturbed
motion of the pendulous gyroscopic system, meaning its oscillations about
its position of relative equilibrium. We shall demonstrate that this motion
can be reduced to the motion of the physical pendulum investigated in U4 and
5.

1. Let us consider a three degrees of freedom mechanical system placed
on a moving object in such a way that the center of mass of the system and
the center of suspension do not coincide. The system may contain different
mechanical gadgets which move with respect to each other, among others,
gyroscopes. Such a mechanical system can be called a pendulous gyroscopic
system,

Let us introduce in our system the trihedron Oxyz with its origin in
the center of suspension, the z-axis coinciding with the line from the cen-
ter of mass to the center of suspension. Let a be the distance between
the center of mass c¢ and the center of suspent on O . Then the coordi-
nates of the center of mass are

r.o= Y= 0, Z, = —4a (1.1)

We shall find conditions under which the z-axis of the system in the
position of relative equilibrium coincides with the line in the direction
toward the Earth's center.

Using the angular momentum theorem for the whole system as it moves about
the center of mass we obtain

K =M (1.2)

_ Here and further on the dot following a letter will signify a time deriva-
tive. K 1is the total angular momentum of the system, M is the total
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moment with respect to the center of suspension. The total moment ¥ is
created by the Earth's attraction forces and the-inertia forces of the trans-
latory motion of the center of suspension.

We shall reduce the action of the attraction forces to the one force F
applied at the center of mass and coinciding with the direction of the gravi-
tational field at the point O . The nonhomogeneity of the gravitational
field inside the body is neglected. We shall add to the moment of the force
F the moment of the inertia forces of the translatory motion and also an
artificially constructed moment M* . From (1.1) and (1.2) we obtain

K =aXx (F— mr’) + M* (1.3)

Here r 1is the radius vector of the point O originating at the Earth's
center O, , a 1is the radius vector at the poin. C originatiryg at the
point O | Let the trihedron xyz in the position of relative equilibrium
be denoted by x,¥,2, - Then

F = Fx0X0 + FUnyo + FZOZO’ M* — Mxo*x" + ﬂlyo*)’o + MZo*Zo (1.4)

. Here xgyoz, are the unit vectors along the corresponding axes. Since
in the position of relative equilibrium the vector a 1is collinear with
vector r , it follows by (1.3) and (1.4) that

K =—axmr 4 (Mxo* —_ aFW) Xo + (Myo* + ano) Yo + MZO*Zo (1.5)

Let * * * 1
M*=—aF,, M *=dF, M*=0 (1.6)

Then Equation (1.5) becomes
K=—aXmr"=0 (1.7)

We require that the condition
a = kr (1.8)

be satisfied, that is we reauire that the distance between the center of
mass and the center of suspension be proportional to the distance to the
Earth's center. In order to satisfy this condition when r is variable we
must have an input with the values of r .

If (1.8) is satisfied, then in the position of relative equilibrium
a= —kr, a Xr =0, hence Equation (1.7) can be written in the form

K =kn{@Xry (1.9)
Now it can be integrated from which we obtain
K —ma X r = b= const (1.10)

Substituting b = 0 , introducing the notation v = r and projecting on

the axes Xp¥o2o » We find
Kxo—}—mavyo:O, Kyo—mavxo—O KZO_O (1.11)

The conditions (1.6), (1.8), (1.11) appear to be the conditions which the
parameters of the system must satisfy, to make the z-axis coincide with the
line in the direction toward the Earth's center in the position of relative
equilibrium. Besides, the initial condjtions must also be satisfied. Namely,
at the initial moment the vector g should be oriented along r , and the
initial rate of change of the orientation of the vector a should equal the
initial rate of change of the orientation of the vector r .

The conditions (1.8) and (1.11) were derived by Klimov 3 who used a
different notation from ours. We repeated here the derivation of (1.8) and
(1.11) because later on we need certain intermediate relations arising in
the derivation. We shall also show that nonsphericity of the Earth gravi-
tational field does not change the conditions (1.8), (1.11), and requires
only the supplementary conditions (1.6).

From the conditions (1.6), (1.8), (1.11) we obtain as special cases the
conditions for the existence of the position of relative equilibrium of a
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physical pendulum 4 and 5 , of a horizontal gyrocompass 1 , and a two~
gyroscopic vertical 2 .

2. We shall derive the equations for small oscillations of our pendulous
gyroscopic system about its position of relative equilibrium. These oscil-~
lations occur when the conditions (1.6), (1.8), (1.11) and initial conditions
are not exactly satisfied. Varying Equation (1.2) in the neighborhood of
the relative equilibrium we have

0K’ = &M (2.1)
The angular momentum K is derived from (1.10) where b =0, a = —#kr.
Thus 8K = mkBr X r -+ mkre X &t +AK 2.2)
Here AK is a certain instrumental error
I = rzq, dr = Oxx, + Syy, + Arz, (2.3)

where Ar is the error in the input of r .

In oraer to obtain OM, we notice that the variation of the moment is deter-
mined from the variation 0a , the variation of the correcting moment G§M*
and from the moment AM arising from instrumental errors (for example the
fractional moment in the suspension or the moment of the residual inbalance).
Consequently, taking into account the expression for M contained in the
right-hand side of Equation (1.3) we find

oM = 8a X (F — mr”) + 6M* + AM 2.4
where the quantity &a is determined from Equation
8a = —kbr — Aaz, (2.5)

The first term in the right-hand side is caused by the error in the input
of r and by the deviation of the z-axis from the direction toward the
Earth's center, the second term by the instrumental error A, arising from
the inaccurate setting of the distance a between the center of the suspen-
sion and the center of mass of the system. Differentiating (2.2) and observ-
ing that

' Xr4+rXxér=0 (2.6)
8K' = kmbr X ¢ + kmr X 6r" + AK’ 2.7)

we find

We have to substitute now (2.7) and (2.4) in (2.1).

Before performing this substitution it is convenient to simplify a little
Expression (2.4),in order to make the variation of the moment easier. Prior
to that we can also neglect the small variation ] of the moment M* |
which corrects the action of the horizontal component of the gravitational
field. Returning to the first equation of (1.4) we obtain

da X F =da X (F, xo+ F, yo+ F_ 20) (2.8)

Neglecting in the right-hand side the product of &8a by the sum of the
first and the second term inside parantheses, which is of the second order
of smallness, and observing that using the same accuracy we can set

2. = —Wm /[ r%, where m is the product of the gravitational constant by the
Eatth's mass, we find

OM = da X (—pmr2zy — mr”) + AM 2.9)
Substituting (2.5) into (2.9) we obtain Formula
M = mkdr X (ur?zo - r) + mAazo X r” 4+ AM (2.10)

We substitute now (2.10) and (2.7) into (2.1). After collecting similar
terms and grouping them in order to be able to use the first Equation (2.3)
we obtain Equation

kmr X (0" + pr%dr) — —AK® + AM + mAazy X 1° (2.11)

This equat:'%or.l turns out to be the vector equation for small oscillations
abOl:lt tl'_le position of relative equilibrjum of the pendulous gyroscopic system
satisfying (with certain errors) the conditions (1.6), (1.8) and (1.11).



1304 V.D. Andreev

3. In order to obtain the scalar equations we must substitute in (2.11)
the expressions for r and Or from (2.3) and project the result on the
axes IgYo %2 taking also into account

Zy - Xo = Oy 20" Xo = muo. + Dy Dz Zo Yo = — g, Zo Vo= — Oy + 0,0, (3.1)
where ©4,®,,®; are the components of the absolute angular velocity of the
trihedron =x.%,3, on its axes. These substitutions and projections result,
after appropriate grouping and simplifications, in Equations

S+ (WP —o, - 0)‘_02) 8z 4 ((.l)xo(l)“ﬁ — wz(") by — 20320631' = — Ar (00, + myo') —
— 20, Ar 4 (ma)? (— AK, S — 0, AK, + 0 AK, )+ (ma) 1AM, +
+a1Aalr (m'yo 4 0.,0,)+ 2r‘(nm] (3.2)

&y '+t —e 2 — 0,08y -+ (0,0, +0,) 0+ 20, 8 =—Ar (0,0, — 0. )+

Ho " Zo

+ 20, Ar - (may  (AK - mgoAKZo — mhAKm) — (ma)‘lAMxo —
—alAalr(o, —o,0,)+ Zrae, ]
AK, o MK, — o, AK, =AM,

Let a and b be the angles of small deviations of the z-axis from the
direction toward the Earth's center in the planes %%y and 2%os respec-
tively. It is obvious that o = rz, [ = —r0y. Consequently, Equations
(3.2) control the small oscillations of the z-axis about the line Jlirected
toward the Earth's center. The homogeneous system of the first two equations
(3.2) is the same as for the small oscillations of the pendulum of Schuler

and also the same as the first group of equations for the errors of an
inertial system with two accelerometers 6 ., The equations for small oscil-
lations in a two-gyroscopic vertical and in a horizontal gyrocompass obtained
in 1 and 2 can also be reduced to the system of the first two equations

(3.2).

Let us draw attention to the following interesting circumstance. In the
papers 1 and 2 the equations for small oscillations were obtained from the
precessional formulation of the problem, whereas our Equations (3.2} which
control small oscillations of a horizontal gyrocompass and a two-gyroscopic
vertical were derived without using the precessional theory. Consequently,
the homogeneous equations for small oscillations of the z-axis in a horizon-
tal gyrocompass and in a two-gyroscopic vertical which were obtained in 1
and 2 by using the precessional theory can be obtained and are valid outside
the precessional theory if all the three conditions (1.12) are satisfied.
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